Abstract-Advances in the development of electric vehicles, along with policy incentives will see a wider uptake of this technology in the transport sector in future years. However, the widespread adoption of electric vehicles could lead to adverse effects on the power system, especially for existing distribution networks. These effects would include excessive voltage drops and overloading of network components, which occur mainly during periods of simultaneous charging of large numbers of electric vehicles. This paper demonstrates how controlling the rate at which electric vehicles charge can lead to better utilisation of existing networks. A technique based on linear programming is employed, which determines the optimal charging rate for each electric vehicle in order to maximise the total power that can be delivered to the vehicles while operating within network limits. The technique is tested on a section of residential distribution network. Results show that, by controlling the charging rate of individual vehicles, high penetrations can be accommodated on existing residential networks with little or no need for upgrading network infrastructure.
and the historical electricity demand data for each of those customers. The widespread adoption of EVs will introduce new customer demand patterns, and large vehicle penetrations could result in adverse effects on the network. Investigations into the potential impact of EVs on load patterns and the need for load management at the distribution network level have been conducted since as early as the 1980s [4] , [5] . More recent work in this area has sought to investigate the limitations from large numbers of EVs on network infrastructure in terms of increased loading, impacts on efficiency and loss of life for network assets [6] [7] [8] [9] [10] . These studies examined varying scenarios, such as unrestricted charging, peak and off-peak charging, diversified charging, and charging at varying power levels. The general consensus from these studies is that existing distribution networks should be able to accommodate substantial penetration levels of EVs if the majority of charging is restricted to low charging rates at offpeak times. Uncoordinated charging, especially fast, 3-phase charging, will lead to an increase in the number of occurrences of component overloading and excessive voltage deviations if it coincides with existing peaks from the residential load. Staggering the charging start times for localised groups of EVs is also shown to help avoid these adverse effects, as well as spikes in demand due to simultaneous commencement of charging. The impact on voltage levels from high penetrations of EVs is also investigated in [11] and shows how high levels of coincident charging can cause voltages to drop beyond acceptable limits during times of high residential demand.
The introduction of advanced metering infrastructure (AMI) systems in residential housing, be it for real-time pricing or active demand side management, or both, will aid the control/predictability of the load patterns on residential networks. AMI could potentially have the ability to control certain loads within the household (including EVs) and allow DSOs or demand side aggregators to manage these loads in a coordinated manner. Such concepts have been investigated previously. The work described in [12] proposes management strategies for EV charging/discharging in LV microgrids. By allowing network control devices to respond to voltage and frequency levels, it is shown that the EV load can enable LV microgrids to be operated in a stable manner. In [13] , a technique is employed to minimise power losses and on-load tap changes for the network transformer, mainly due to the charging/discharging of EVs located far from the slack bus.
In [14] , various techniques are utilised to investigate the impact of varying penetrations of EVs on residential networks. Quadratic and dynamic programming techniques minimise the impact from EV charging on network losses and voltage de-viation in particular. By controlling and optimising individual EV charging rates, network losses and voltage deviations are reduced for all penetration levels examined. The methodology is examined using both deterministic and stochastic methods and concludes that while the difference in the results obtained using the quadratic or dynamic technique is negligible, the dynamic technique is more computationally intense. Work in [15] investigated the use of voltage control on EVs with charge/discharge capabilities. Here the objective was to minimise the charging cost to the EV owner while maintaining network voltage levels within acceptable limits. Results were shown to vary significantly depending on the initial state of charge of the EV batteries, with high dependence on the tariffs associated with charging and discharging.
The work in this paper differs in its approach to the coordinated charging of EVs described above. Instead of minimising power losses and/or voltage deviations, the objective of the optimisation technique employed here is to maximise the total amount of energy that can be delivered to all EVs over a charging period while ensuring that network limits are never exceeded due to high levels of coincident EV charging. Such an approach ensures that optimal use is made of available network capacity while avoiding excessive voltage drop and component overloading, which have been shown, in work cited above, to be potential issues with high levels of EV charging. The technique employs linear programming that takes advantage of the approximately linear characteristics of both the network voltages and component loading sensitivities to the addition of EV load.
The methodology for this work is presented in Section II. Section III describes the modelling of the test network, the residential load and the electricity demand profiles of EVs. Results and discussion for two specific charging periods are presented in Section IV along with generalised results for a wide range of network scenarios. Conclusions are presented in Section V.
II. METHODOLOGY

A. Assumptions
Coordinated charging of EVs could be achieved in a variety of ways. It is assumed here that EV owners are incentivised to charge their vehicles at off-peak times of day. Once the off-peak period has begun, no additional EVs will connect for charging and no EVs will disconnect before reaching a full battery state of charge (BSOC). Smart metering technology with load control capability is also assumed to be present in each household. It is assumed that this load control capability can be utilised by the DSO (or a third-party aggregator), from a remote location, in order to manage certain loads on the consumer side of the meter. Such a scheme would be subject to prior agreement by both the consumer and the DSO. For the purposes of this work, the ability to control the load extends to EV charging only and allows the operator to vary the charging rate of each EV on the feeder. Each EV can charge at any rate between zero and the maximum rated output, subject to certain restrictions, which are outlined later in this section. The ability to vary the charge rate of individual EVs in a continuous manner has been studied for use in optimal charging strategies previously [14] , [16] , [17] . While the possibility exists for fast, 3-phase charging, it is assumed that each EV will be connected to the network via a standard single-phase AC connection. Although the concept of vehicle-to-grid for local system support or otherwise exists [12] , [13] , [15] , [17] , bidirectional flow of electricity to and from an EV battery is not considered in this work.
B. Standard Objective Function
The objective of the method is to maximise the energy delivered to all EVs within a set period of time. This is achieved by optimising the charging rate of each connected EV in order to maximise the total power that can be delivered for each 15 minute time interval, subject to network constraints. Coordinating the charging of EVs ensures that the network is utilised to its fullest extent in terms of energy delivered.
The standard objective function, F, is given as
where N is the number of customers being served by the network, and P EVi is the power delivered, measured in kW, to the EV connected at the ith customer point of connection (CPOC). It is assumed that P EVi is a continuous control variable that can vary between 0 kW and the maximum power output of the charger at node i. x i is zero when an EV is not connected at the ith CPOC or the EV battery is fully charged, while x i equals one when the EV at the ith CPOC is connected and the EV battery is less than fully charged.
C. Constraints
At each time step, the objective function, F, is maximised subject to certain constraints. The first of these is that the power demand of an EV cannot exceed the rated power output of the charger supplying that vehicle, (2) .
In order to avoid large variations in the charging rate over consecutive time steps, which is undesirable for current battery technology [18] , a rate of change constraint is also imposed (3).
Here, t is the current time step and ∆ is a defined limit, in kW, by which the charging rate can vary, compared to the charging rate at the previous time step, excluding on/off transitions. The next constraint relates to the acceptable voltage range for the LV network. The addition of EV loads, for the most part, will cause the voltage at various points of the network to drop. The extent of the voltage drop can vary depending on a number of factors, which include the location of the EV and the rate of charge. The voltage at each CPOC must be maintained within the rated voltage range specified for the network, (4).
Here, V i (V) is the voltage at the ith CPOC, while V mini and V maxi are the minimum and maximum allowable network voltage levels respectively. The thermal loading of network components refers to the ratio of the apparent power flowing through the component to its rated capacity. For this study, the thermal loading of both the network transformer and the mains cable connecting the transformer to the network are considered. These constraints are summarised in equations (5) and (6) respectively.
where L TX and L MC are the thermal loading (kVA) for the transformer and mains cable respectively, while L TXmax and L MCmax are the associated maximum loading of the components.
D. Network Sensitivities
A time-series, unbalanced, 3-phase load flow analysis of the test network is performed in order to determine the network voltage and thermal loading levels as a result of the residential household load. This is performed using power system analysis software [19] and applying residential load information. The voltage sensitivities at each CPOC are also calculated for both the addition of EV load at their own terminal and at each of the other household terminals on the network, i.e. the change in voltage due to charging demand from the EVs. For each time step, EV load is added incrementally at each CPOC in turn and the change in voltage at each CPOC is recorded. This data is then used to calculate the voltage sensitivities of the network to the addition of EV load. The addition of EV load to any CPOC on the network causes variations in the voltage at each of the other CPOCs. Thermal loading sensitivities for the network components of interest are calculated in the same manner. The addition of EV load at any point of the network causes an increase in the thermal loading experienced by the transformer. Analysis of the load flow results shows that the assumption of linearity for both the voltage and thermal loading sensitivity characteristics is adequate [11] . The constraint for the voltage level can be summarised as,
where V initi is the initial voltage at the ith CPOC of the network with no EVs charging, µ i (V/kW) is the sensitivity of the voltage at the ith CPOC due to power demanded by the EV connected at the same CPOC, µ ji is the sensitivity of the voltage at the ith CPOC due to power demanded by an EV connected at the jth CPOC.
The thermal loading constraints are summarised as 
where L TXinit and L MCinit are the initial thermal loading levels of the network transformer and mains cable respectively, and δ k (kVA/kW) and β k (kVA/kW) are the sensitivities of the transformer and mains cable loading to power demand (P EV k ) of an EV at the kth CPOC. The voltage and thermal loading sensitivities are determined for each time step of the analysis. Subsequently, a linear programming tool in [20] determines the optimal charging rate for each connected EV for each time step, in order to maximise the total amount of energy that can be delivered over the considered period. A summary of the methodology is outlined in the flow chart presented in Fig. 1 .
E. Weighted Objective Function
Due to the radial layout of the majority of LV residential networks, the standard optimisation technique tends to charge EVs connected near to the transformer at a higher rate than those located far from the transformer. This is due to the voltage levels being less sensitive to the addition of EV load near to the transformer. In order to provide a more even distribution of energy to the charging EVs and prioritise batteries with a low BSOC, a modified objective function is applied to the optimisation algorithm, which applies a weighting according to each individual EV's BSOC at the previous time step. It is assumed that the BSOC of each EV is known at the beginning of each optimisation time step. The modified objective function, F, is summarised as follows:
where BSOC i is the current battery state of charge (kWh) of the EV connected at the ith CPOC and BSOC maxi is the maximum battery capacity of that EV.
III. MODELLING OF TEST NETWORK
A. Distribution Network
The test network is based on a LV residential distribution feeder in a suburban area of Dublin, Ireland. A simplified representation of the feeder is given in Fig. 2 . In the actual test feeder, each household, EV and service cable are modelled separately. The model incorporates a 400 kVA, 10/0.4 kV step-down transformer supplying a feeder of 134 residential customers through 1.2 km of 3-phase copper mains cables and 980 m of single-phase copper service cables. A lumped load model, representing a similar number of residential customer loads with no EV loads, is included to represent another feeder being supplied from the same transformer.
In Ireland, the LV distribution network is operated at a nominal voltage of 230/400 V with a voltage range tolerance of +/-10% [21] . For the most part, LV substation transformers in Ireland do not have tap-changing capabilities, which is the case for the transformer modelled in the test network. As such, the medium voltage (MV) network supplying the LV transformer is included in the model as an equivalent impedance in order to take account of the voltage drop at this network level. The MV network is modelled such that at maximum residential load (with no EV charging), the voltage at all points of the network does not exceed -10% of nominal. Specifications for the network model components were supplied by Electricity Supply Board (ESB) Networks, who are the DSO in the Republic of Ireland, and are given in Table III in the Appendix.
B. Residential Customer Load Modelling
Typical load data for domestic electricity demand customers was obtained from the DSO consisting of 15-minute timeseries demand data for high, medium and low use customers over a one year period. Different electricity demand profiles were randomly assigned to each of the houses in the test network. However, in order to confirm that these load profiles portrayed an accurate representation of the power demanded by a real distribution feeder, the coincidence factor of the test network was determined. The coincidence factor is defined as the ratio of the maximum diversified demand divided by the maximum non-coincidental demand [22] . From assessing the yearly load profiles for each of the households on the network, the coincidence factor was found to be 0.32, which compares favourably with similar residential networks [23] .
For modelling purposes, the power factor for each household load is set at 0.97 inductive during the day and 0.95 inductive at night. Here, daytime is specified as between 6 am and 10 pm, and nighttime as between 10 pm and 6 am. The load is modelled as a combination of constant power (P) and constant impedance (Z). From April to September inclusive, the load is modelled as 60% constant P, 40% constant Z. From October to March inclusive, the load is modelled as 40% constant P and 60% constant Z, due to an increase in electric heating load. It is common practice to model residential loads in this manner when exact information on the load type is not available [23] .
C. Electric Vehicle Load Modelling
It is assumed that each EV is connected at the same CPOC as the household load through a single-phase connection. Charging profiles for EVs can vary depending on battery type, charging equipment and the electricity supply network. For this work, EV batteries are modelled based on lithium-ion battery technology. It is assumed that once connected, an individual EV with no charge controlling capability charges at a rate of 4 kW up to a BSOC of approximately 95%. After this point the vehicle charges at a rate of 1.5 kW until the battery has reached its maximum capacity. For this work, all EV batteries are modelled with a capacity of 20 kWh. The EV charging equipment is assumed to have a 90% efficiency rating. The charging rate of 4 kW is appropriate in terms of the power delivery capabilities of existing LV distribution networks in Ireland [21] . EV batteries are modelled as constant power loads with unity power factor.
D. Time Periods for Investigation
In order to demonstrate the benefits of the optimisation technique, two specific periods of time within the one year period of residential load data were chosen. For this study, the charging period occurs from 10 pm to 7 am the next day. One test period was chosen because it contained the highest 15-minute residential demand during the off-peak charging periods (winter scenario). The maximum 15-minute residential demand for this time period was approximately 152 kW. The other test period chosen was a low-demand mid-week charging period in the summer (summer scenario).
For the simulations, half of the residential households were randomly assigned an EV, as shown in Fig. 2 . This amounts to 67 EVs on the network with a potential combined maximum demand of 268 kW. It was assumed that all EVs remain connected to the network for the entire charging period, with each EV randomly assigned an initial integer valued BSOC. The distribution of the initial BSOC for each EV is shown in Fig. 3 . The average initial BSOC of all the EVs was 7.8 kWh, or 39% of the maximum BSOC. Table I shows the breakdown of EVs allocated to the network as well as the total energy requirement of these vehicles on a phase-by-phase basis. It is clear from this table that there is a greater number of EVs on phase c, and thus a larger energy requirement, compared to the other phases. While a 50% penetration of EVs on a distribution feeder may not be experienced in reality for many years to come, it was deemed appropriate to examine such a demanding scenario in order to fully capture the main benefits from controlled charging strategies compared to uncontrolled charging. 
E. Stochastic Scenario Analysis
The charging periods identified above are chosen to examine the optimisation technique for specific network scenarios. However, in order to demonstrate the benefits of the optimisation technique for a wider range of scenarios, a stochastic tool is developed to generate different residential load scenarios with probabilistic conditions for varying residential load, EV location and initial BSOC.
Probability distribution functions (PDFs) for the household load were created based on the residential load data provided by the DSO with PDFs for low, medium and high use customers. 15-minute household load profiles were then generated for each house for a 9 hour period from 10 pm to 7 am the next day, similar to the deterministic analysis. It is assumed that all EVs are connected for charging at the beginning of this period and remain connected until the end. At the beginning of each 9 hour charging period the EV locations on the network were randomly selected with each one then assigned an initial BSOC. As no real charging data was available, a PDF (mean = 10.75 kWh, standard deviation = 6 kWh) for assigning initial BSOC was created. For each charging period time step, network sensitivities are determined which are then used to optimise the charging rate of each EV. The load model and power factor for both the residential and EV load remain the same as for the deterministic analysis.
IV. RESULTS AND DISCUSSION
The optimisation technique is tested with the two different objective functions, (1) and (10) . The results for each approach are outlined below and are compared to scenarios with no EV charging present and with uncontrolled EV charging.
A. Network Sensitivities
For each 15-minute time interval, a series of three-phase, unbalanced load flow calculations are performed using the customer demand profiles in order to determine the voltage and thermal loading sensitivities of the network due to the introduction of EVs. These sensitivities inform the optimal charging rate of each EV for each time step of the charging period. The voltage sensitivity at each CPOC is measured for varying charging rates and varying EV charging locations on the network. Fig. 4 demonstrates how the voltages measured at the CPOCs closer to the transformer (i.e. 3 and 8 from Fig.  2 ) are less sensitive to the addition of EV loads as compared to those located near the end of the feeder (i.e. points 6, 7, 11 and 12).
Since the household loads for this network are connected to individual phases of the network, the addition of EV load to a particular CPOC affects the voltage at that particular CPOC as well as the voltage on the other phases of the network, as demonstrated in Fig. 5 . As can be seen, the addition of EV load on phase c only causes the voltage on that phase to decrease while the remaining phase voltages increase slightly. This effect is not uncommon in unbalanced networks [22] and is captured in the voltage constraint equation, (7), where the sensitivity, µ, of the voltage at a particular CPOC can be either positive or negative depending on the phase to which an EV is connected.
The voltage sensitivities can vary significantly due to the changes in the domestic household load, and therefore they are calculated for each time step of the analysis. This information is then subsequently used to optimise the EV charging rates, the results of which are outlined in the following sections.
In order to determine the accuracy of the optimisation technique, error margins were calculated based on the difference between the predicted CPOC voltages from the optimsation algorithm and the CPOC voltages recorded from the subsequent load-flow calculations. The average maximum error margin over the summer charging period was found to be 1% for the standard and weighted objective functions. For the winter charging scenarios these values were recorded as 1.4% (standard objective function) and 1.5% (weighted objective function). As can be seen in the results presented below, the accuracy of the sensitivities is adequate to ensure that no operating limits are exceeded due to EV charging. 
B. Uncontrolled EV Charging
With no active control over EV charging rates, all of the EVs would be expected to commence charging at the beginning of the charging time period at the maximum rate of charge. As the network is not rated for this high level of demand, the network operating conditions are severely impacted. Fig. 6 shows the voltage level at a CPOC at node 6 for the winter scenario base case. The charge profile for an EV connected at the same CPOC is also displayed. The initial BSOC of this EV was 3 kWh or 15%. While all EVs on the network would be fully charged by the end of the charging period the lower voltage limit at this CPOC, i.e. 0.9 pu, is exceeded for over 3 hours at the start of the charging period. The lowest voltage experienced at this node is approximately 0.68 pu. It is clear that such a scenario could not be permitted to occur and it is likely that the number of EVs on the network would be restricted to a predetermined limit. For the purposes of comparison, an uncontrolled charging scenario was created whereby there is a limit to the number of EVs that are allowed to charge simultaneously. This number was determined by incrementally adding EVs, charging at the maximum rate of charge, to the extremities of the feeder up to the point before the feeder exceeds an allowable operating limit. This test was performed with the residential load at the maximum expected midnight demand. Charging was restricted to begin only after midnight to ensure that the residential load is off-peak. For the test network utilised in this work, the predetermined number of EVs that could be allowed to charge in an uncontrolled scenario was found to be 21.
C. Controlled EV Charging
By employing the methodology described in Section II, the rate at which each EV charges is now optimised in order to deliver the maximum power to the EVs while maintaining all voltages and network flows within acceptable operating limits for each time step. At the beginning of the charging period, the total energy required to return all EVs to 100% BSOC is 819 kWh. For the optimisation, the lower voltage limit is set at 210 V or 0.913 pu, which allows for a margin of safety with respect to the lower voltage limit defined in the Irish distribution network code [21] . This ensures that any unexpected short term variations in the demand, will not cause the network to exceed its operating limits. The maximum variation allowable for the rate of charge between time steps, i.e. ∆ in (3) , is set at 0.25 kW for each of the control strategies.
1) Standard Objective Function: From Table II it can be seen that using the standard objective function a total of 810 kWh in the summer and 798 kWh in the winter were delivered to the EVs by the end of the respective charging periods. Although this means that the total EV energy requirement (819 kWh) was not met, in both cases the network was maintained within normal operating limits for the entire duration of the charging period. The voltage profile of a CPOC at node 6 with an EV charging and the corresponding EV charge profile is given in Fig. 7 . It is evident that the voltage here is a binding constraint for the optimisation technique as it is held just above the lower voltage limit for the majority of the charging period. It can also be seen that the EV connected to this CPOC does not truly begin charging until the third hour of the charging period and does not approach a maximum rate of charge until towards the end of the period. This particular EV had an initial BSOC of 3 kWh (15%) and had reached a BSOC of 15 kWh (75%) by the end of the charging period. Clearly, this would be an unacceptable outcome for an EV owner that desired a full BSOC. Fig. 8 shows the distribution function for the BSOC of each EV at the end of both the summer and winter charging periods. It is evident in both cases that a number of EVs, including the one shown in Fig. 7 , have not reached a full BSOC by the end of the charging period. In the summer scenario, 64 of the 67 EVs were fully charged, while for the winter charging period, 63 EVs had a full BSOC. In both cases, the EVs with a BSOC of less than 100% are all located near the end of the branches of the feeder and are connected to phase c. From Table I it can be seen that a greater number of EVs are connected to phase c than either of the other phases, which results in a larger energy requirement. Additional load due to EV charging at CPOCs near the end of feeder branches will have a greater effect on network voltage levels than if located closer to the transformer. As a result, the optimisation method allocates low charging rates to these EVs until the other EVs are fully charged. The combination of both factors leads to a number of EVs not receiving a full BSOC by the end of the charging period. This outcome is displayed in Fig. 9 , which shows the active power demand, with and without EV charging, on each phase of the network over the charging period. It is clear that, while the EVs connected to phase a and phase b have completed charging, power is still being delivered to some EVs connected to phase c. Also shown in this figure is the lowest CPOC voltage measured on each phase of the feeder for each time step. It is clear that while power is being delivered to the EVs on the feeder, the voltage levels at each of the CPOCs are held above the lower voltage limit.
2) Weighted Objective Function: The standard objective function optimisation technique will consistently tend to assign low charging rates to EVs located further from the transformer. Such a situation would clearly be unacceptable. In order to overcome this, the optimisation process was repeated, as described in Section II, with the objective function weighted according to the current BSOC of each charging EV, (10) .
By employing this method, 818 kWh of energy are delivered to the EVs for the summer charging period and 815 kWh are delivered in the winter charging period, which represents 99.9% and 99.5%, respectively, of the total energy required to return all EV batteries to a full BSOC. The total power delivered to the EVs for the uncontrolled and optimised charging scenarios is shown in Fig. 10 . While both objective function methods deliver similar energy totals by the end of the charging period, the individual EV charging patterns vary significantly across the network. During the early stages of the charging period, the SOF prioritises EVs that are located close to the transformer, whereas the WOF assigns higher charging rates to EVs with a low BSOC, wherever they may be located in the network. Later in the charging period, applying the SOF, vehicles located at the network extremes begin charging. As the voltage is more sensitive to additional load at these points of the network, the charging rates for these EVs are lower and less energy can be delivered. The same restrictions are not as severe using the WOF as the energy delivered to the EVs is more evenly distributed across the network, resulting in more energy being delivered towards the end of the charging period ( Fig. 13 and 14) . Fig. 11 shows the voltage profile, for the same CPOC as shown in Fig. 7 , as a result of the weighted objective function optimisation technique. Once again, it is apparent that the voltage at this CPOC is a binding constraint. However, the EV begins charging much earlier and the BSOC by the end of the charging period has reached 100%, as compared with a figure of 75% using the standard objective function method.
The distribution function of the BSOC for the EVs by the end of the charging period is given in Fig. 12 , and shows an increase in the number of EVs with a full BSOC for both charging period scenarios when compared to the previous method. Specifically, 67 EVs have a full BSOC by the end of the summer charge period, while 66 of the 67 EVs have a full BSOC in the winter scenario. This compares favourably to the standard objective function method where the lowest BSOC of all the EVs was 68% and 58% for the summer and winter charging periods respectively. As was the case for the previous method, the EV that was not fully charged was connected to phase c and is located near the end of the feeder branches.
It should be noted that the particular allocation of EVs in this work resulted in there being a greater number of EVs connected to one phase compared to the others. As this work has shown, even an optimal method for maximising the energy that can be delivered to charging EVs may be insufficient if a large number of the EVs are connected to the same phase of the network at the same time. Such scenarios may require that the DSO reconfigure the distribution of load across the phases.
D. Thermal Loading of Network Components
Thermal loading constraints of certain feeder components are also taken into account by the optimisation technique. Fig. 13 shows the loading of the LV transformer over the charging period for the winter scenario, while Fig. 14 shows the loading for the 3-phase mains cable (Line 1-2 in Fig. 2 ) that supplies the feeder from the transformer for the same scenario. In both cases, it is evident that neither the transformer nor the mains cable loading are the binding constraint on this network. Clearly, the network equipment is more than adequately rated for accommodating the additional load that would be demanded by this high penetration of EVs, assuming that the majority of charging occurs at off-peak times of day. This may not be the case for all residential distribution feeders, many of which may experience overloading of network components due to large numbers of EVs charging simultaneously at both peak and off-peak times of day. Without some form of controlled charging for EVs, a significant increase in the number of overloading incidences will impact on the lifetime of these network components [6] . By employing a controlled charging technique, like the one described in this paper, the overloading of network components due to EV charging can be avoided by incorporating certain constraints, (8), (9) . While this would result in increased loading levels during the offpeak period, a flatter transformer load profile would impact less on the transformer lifetime than a profile with large overloads due to on-peak EV charging [24] . Together with the introduction of other demand side management schemes, many forms of residential load could be controlled in a manner which would allow networks to be utilised to their fullest extent while not impacting on component lifetimes.
E. Network Losses
The network losses as a percentage of the total energy delivered to the network are presented in Fig. 15 . For each of the cases studied, the losses ratio is greater in the winter charging period than in the summer period due to the increased residential demand in the winter. The added demand from EVs charging causes the losses ratio to increase significantly. This is evident for both the standard (SOF) and weighted (WOF) objective function methods. For the SOF case the losses ratio increases from 0.3% to 4.1% in the summer and 1% to 4.5% in the winter. For the WOF method these values increase to 4.6% in the summer and to 4.8% in the winter scenario. 
F. Stochastic Scenario Analysis
A stochastic analysis of the network loading is carried out in order to provide insight into the effects of the optimisation technique while accounting for the variability associated with a high penetration of charging EVs. The optimisation technique using the weighted objective function was simulated for 500, 9-hour charging periods (i.e. 18,500 time steps). Residential load profiles for typical mid-week, winter scenarios were generated based on the associated PDFs. Fig. 16 shows the distribution of measured voltages for all CPOCs over all charging periods for the scenario with no EVs on the network and the scenario with 50% EV penetration with optimised vehicle charging. This graph shows that the majority of pre-optimisation voltage measurements are near or above 1 pu with reduced occurrences for decreasing voltage levels. Following the application of the optimisation technique, the majority of voltage measurements are recorded between 0.91 and 0.95 pu indicating that the optimisation technique was able to maintain CPOC voltages above the low voltage limit for the network. Any occurrence of voltage levels below the lower voltage limit, in both the case with no EVs and the optimised case, is due to the household demand. As a result, these voltages remain unaffected in the optimised case as the technique does not allow EV charging if the network is already exceeding limits.
The distribution of thermal loading results for the transformer during the analysis is presented in Fig. 17 . Prior to the addition of EVs, the majority of loading measurements were found to lie between 10% and 30% of rated loading. Following the introduction of EVs, charged according to the optimisation method, the majority of recorded measurements were found to be in the region of 50-70% of rated loading. Fig. 18 shows the distribution of measured thermal loading for each phase of the 3-phase mains cable supplying the feeder from the LV transformer. These measurements are from the optimised case only. As can be seen from the loading results for both the transformer and the mains cable, the rated loading limit for either component is never the constraining factor for the optimisation method. It is apparent that, for this particular network, the electrical components are more than adequately rated to accept the increased loading due to a high penetration of charging EVs. Instead, the voltage limits are more likely to be an issue with off-peak EV charging and, as a result, are typically the constraining factor in the optimsation method. Fig. 19 shows results for the final BSOC of all EVs after each charging period, representing the BSOC of the EV with the least BSOC, as well as the average BSOC of all EVs. For the high penetration level of charging EVs examined, the optimisation technique results in an average BSOC of 99.9%. While it is possible that not every EV will have a full BSOC by the end of the charging period, such cases occur far less frequently. The lowest final BSOC recorded over the analysis was 13.3 kWh (66.5%).
The average losses on the LV feeder over all charging periods were found to be 11 kWh for the case with no EVs and 80 kWh for the optimised charging case using the weighted objective function method.
V. CONCLUSION
The introduction of large penetrations of EVs will have significant impacts on the operating conditions of distribution networks. If they are to be charged in a passive, uncontrolled manner then major infrastructure upgrades may be required. Controlled charging by the DSO could help to alleviate some of these issues and allow EV owners to charge their vehicles while maintaining the network within acceptable operating limits. The work presented here has demonstrated how the charging rates of a high penetration of EVs on a test network can be optimised in order to deliver the maximum amount of energy to the EVs within a set charging period subject to network constraints, while ensuring that the underlying residential load remains unaffected.
Results from this work have shown that maximising the total power to all EVs according to network constraints will favour those EVs that are connected near to the transformer, rather than those connected towards the extremes of the radial network. Therefore, a weighted objective function was studied, which optimised the EV charging rates according to both the impact on the network operating conditions and the BSOC of the EVs. Results show that the modified objective function increases the total energy delivered to the EVs. This objective function was also tested for various charging period scenarios and was shown to return an average BSOC of 99.9% for all EVs over all periods examined.
Due to the use of linear programming, large amounts of data are not required by the DSO at each time step in order to find the optimal rate of charge for each EV. The technique is not computationally intense nor does it require storage of historical load data for subsequent use, and therefore could be easily incorporated into a coordinated charging scheme. Determining the various network sensitivities to additional load provides insight into the condition of the network and could prove very useful for DSOs employing such schemes. Assuming the use of AMI within residential households and sufficient communication links between the DSO and the AMI metering, practical implementation of the optimal charging method would provide significant benefits in terms of accommodating high penetrations of EVs.
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APPENDIX
